In this pa per, we pres ent the tran sient mod el ing re sults of 2-D for ward smol der ing in a cy lin dri cal con fig u ra tion filled with a foam po rous ma terial. The ob jec tive of the study is to ex plain the ef fect of the heat losses from lat eral bound aries in the front smol der prop a ga tion. The de vel oped nu mer ical code is ca pa ble of pre dict ing the fire ini ti a tion and the smol der ing (slow-burn ing) char ac ter is tics of foam in su la tion ma te ri als. The fi nite volume discretization and the bi-con ju gate gra di ent sta bi lized method are used to solve the sys tem gov ern ing equa tions. The chem i cal ki net ics model is based on a first or der py rol y sis re ac tion, fol lowed by ox i da tion of the porous fuel and the car bo na ceous char re sid ual. This sec ond ox i da tion re action might pro mote the tran si tion from smol der ing to flam ing and thus fire ini ti a tion. The gas and solid tem per a ture, and the ox y gen and the char mass frac tion two-di men
Introduction
Smol der ing is a flameless burn ing pro cess that can oc cur in char ring fu els, such as wood, cig a rettes, and ex panded poly mers. The com bus tion re ac tion is het er o ge neous and oc curs in the in te rior or on the sur face of the po rous fuel. There has been a grow ing in ter est in the smol der ing, be cause of en vi ron men tal and fire safety con cerns. Smol dering can gen er ate sig nif i cant air pol lut ants, cause bio mass con sump tion, and may also initi ate new fires. Smol der ing com bus tion pro ceeds by a pro cess of py rol y sis, pro duc ing vol a tile prod ucts and a solid char; then the solid char in turn ox i dizes with dif fus ing ox ygen to pro duce the heat that keeps the whole pro cess self-sus tain ing.
Smol der ing is de fined as a non-flam ing, self sus tain ing, prop a gat ing, exo thermic, sur face re ac tion; de riv ing its prin ci pal heat from het er o ge neous ox i da tion of a po -rous solid fuel [1, 2] . From a prac ti cal point of view, smol der ing pres ents a se ri ous fire risk be cause the re ac tion can prop a gate slowly in the ma te rial in te rior and can go un detected for long pe ri ods of time. There fore, it is at least nec es sary to pre vent the smol dering from transiting to flam ing com bus tion. Ohlemiller [1, 2] pro vided two ex ten sive reviews of ex per i men tal and the o ret i cal stud ies of smol der ing; and they ar gue that since the ox i dizer flows through the po rous char, it has to be to tally con sumed for the smol der ing re ac tion to prop a gate. Ohlemiller [1] in ter preted for ward smol der as a ther mal wave followed by a char ox i da tion re ac tion.
To re ro and Fernandez-Pello [3] con ducted an ex per i men tal study of for ward smol der of poly ure thane foam in air, along with a 1-D sim u la tion of the phe nom e non. They ob served that the char was not to tally con sumed by the flow ing ox i dizer. Later, Tore ro et al. [4] gave a phenomenological in ter pre ta tion of their ob ser va tion based on differ ent char re ac tiv i ties. Tse et al. [5] pre sented re sults in agree ment with these phenomenological ex pla na tions. Dosanjh et al. [6] de vel oped a the o ret i cal model of forward smol der through a po rous solid fuel, and they have ex am ined the con di tions for a steady smol der front and for the tran si tion to ex tinc tion. In their anal y sis they con sider air and fuel mov ing into the re ac tion zone. Their model is based on two re ac tions: a non-ox ida tive py rol y sis re ac tion where the fuel is de com posed into char and vol a tile mat ter, followed by a sec ond re ac tion of char ox i da tion.
Buckmaster and Lozinski [7] de vel oped a sim i lar model pro vid ing a more elabo rate de scrip tion of the struc ture of the ox i da tion and py rol y sis fronts. Leach et al. [8] extended the 1-D model to tran sient cases to model the ex per i men tal con fig u ra tion and explain the ob ser va tions of To re ro and Fernandez-Pello [3] . They con sid ered sep a rate gas and solid phase en ergy equa tions with two other equa tions for ox y gen con ser va tion, one in the bulk and the other at the solid sur face. Their re sult ing equa tions were solved numer i cally by the fi nite-dif fer ence tech nique us ing the VODE nu mer i cal code. Ef fects of sev eral pa ram e ters in clud ing ki netic pa ram e ters, thermophysical prop er ties, ox y gen concen tra tion and fuel bed po ros ity were stud ied. Rel a tively good agree ment was ob tained be tween the ex per i men tal and the nu mer i cal re sults. In an ear lier work, Leach et al. [8] used the same nu mer i cal tech nique for mod el ing re verse smol der ing of a po rous fuel bed.
In our work on re verse com bus tion of a fixed po rous bed, we have de vel oped a 2-D nu mer i cal code for fuel con sump tion rate pre dic tions as a tool for burner de sign [9] . Also Ghabi et al. [10, 11] have ex tend this nu mer i cal sim u la tion to pre dict the 2-D smolder ing of poly ure thane based on the Leach model of chem i cal ki netic. At the same time Bar-Ilan et al. [12] pre sented ex per i men tal re sults from two for ward forced-flow smol der tests on poly ure thane foam us ing air as ox i dizer con ducted aboard the NASA space shuttle. Their ex per i men tal re sults re vealed re gions of non-re acted foam near the side wall which their 1-D model could not pre dict and es ti mate its ef fect on the smol der prop a gation ve loc ity.
Di Blasi [13] re fined the ki netic model of the smol der ing of a wood slab un der ther mal ra di a tion on one face. Ef fects of vari able thermophysical prop er ties, un steady gas phase pro cesses, pres sure and ve loc ity vari a tions and con vec tive trans port of tar species were ac counted for. The sec ond ary re ac tions from tar to char and gas were also included in the model.
A com pre hen sive re view of mod el ing and sim u la tion tech niques for the combus tion of char ring and non-char ring solid fu els has been pre sented by Di Blasi [14] . Reli able ki netic data for ther mal deg ra da tion and ox i da tion of bio mass ma te ri als are lim ited, es pe cially for ox i da tion. Most of the mod el ing works men tioned above have used the kinetic data pro vided by Kashiwagi and Nambu [15] for a cel lu lose pa per. Shafizadeh and Bradbury [16] pre sented other sources of ki netic data.
Chao and Wang [17] stud ied ex per i men tally the tran si tion of the smol der ing to the flam ing phase of poly ure thane foam un der nat u ral con vec tion con di tions. They showed that this tran si tion is the re sult of the ox i di za tion of the char. Then Wang et al. [18] stud ied the ef fect of smol der ing un der forced con vec tion con di tions, where they adopted a ki net ics model with two re ac tions, and they in cluded the ra dial ef fect on the smol der ing prop a ga tion.
Bilbao et al. [19] have worked on the smol der ing of wood, and they have conducted sev eral ex per i ments in an in stru mented com bus tion cham ber. They proved that reactional ki net ics is de pend ent on tem per a ture, and they spec i fied a set of ki net ics param e ters for each lim ited tem per a ture in ter val.
Shult et al. [20] em ployed as ymp totic meth ods to find a smol der wave so lu tion with two dif fer ent struc tures, a re ac tion lead ing wave struc ture when the ve loc ity of the com bus tion layer ex ceeds that of the heat trans fer layer, and a re ac tion trail ing wave struc ture ob tained when the com bus tion layer is slower than the heat trans fer layer. These qual i ta tive the o ret i cal de scrip tions agreed with Ohlemiller [1] ex pla na tions and To re ro et al. [4] ex per i men tal ob ser va tions.
This work is, there fore, an ef fort to de velop a com pre hen sive nu mer i cal sim u lation code for a 2-D smol der ing pre dic tion. The Bar-Ilan et al. [12] base case of for ward smol der ing in a cy lin dri cal con fig u ra tion filled with a po rous ma te rial is in ves ti gated using the fi nite vol ume mod el ing (FVM) along with the bi-con ju gate gra di ent sta bi lized (bi-CGStab) al go rithm. The solid and gas tem per a tures, the ox y gen mass frac tions in the bulk and on the solid sur face, as well as the char mass frac tion tem po ral evo lu tions are com puted. The ob tained nu mer i cal re sults are then com pared to the nu mer i cal re sults of Leach et al. [21] , and the ex per i men tal ob ser va tions of Bar-Ilan et al. [12] .
This work pro vides in for ma tion on the 2-D tem per a ture and char mass frac tion dis tri bu tions that pre vi ous smol der mod el ing works did not pre dict. The way that the tran sient ef fects are in cluded in this work makes it dis tin guish able from works as described else where in this pa per. A para met ric study is producted to pre dict the heat losses from the lat eral wall. The ther mal bound ary con di tions used in this anal y sis are more prac ti cal than any other mod el ing work avail able in the lit er a ture.
Model description
Fig ure 1 shows a scheme of the stud ied con fig u ra tion. A fixed bed of foam, with a length of 15 cm and a ra dius of 15 cm in size is uti lized. For sim plic ity, we as sume that the char and ash have the same prop er ties, and the gas formed from the py rol y sis and ox ida tion re ac tions leaves the bed be fore re act ing. Ini tially, the en tire do main is con sist ing of unreacted foam fuel. Air flows into the left face of the foam ma te rial, and the smol dering pro cess is ini ti ated by main tain ing a spec i fied high tem per a ture or by ap ply ing a high heat flux at this sur face for a cer tain pe riod of time un til self-prop a ga tion is ob tained. We as sume also that the re ac tion zone prop a gates from the left to the right of the fuel bed, and the grav i ta tional ef fects are ne glected to per mit com par i son with the microgravity ex per imen tal re sults.
Mathematical model
The math e mat i cal model is based on the en ergy and mass con ser va tion equations.
Reaction kinetics
The ki net ics model used in this study and which is sum ma rized in the fol low ing is based on three re ac tions for the char for ma tion and ox i da tion [1] , which is re ported by Ghabi et al. [10, 11] with rates of pro duc tion and con sump tion of mass which are sim i lar to those given by Kashiwagi and Nambu [15] , and Leach et al. [8] Exothermic oxidation of foam
Endothermic reaction of pyrolysis Exothermic oxidation of the char
Conservation equations
Mass conservation equation
Oxygen conservation equation in the volume of gas
Oxygen conservation equation at the reaction surface
Energy conservation equation in the gas phase 
with
The ideal gas equa tion of state is used to ac count for the gas den sity. These last two equa tions ac count for the ox y gen dif fu sion in the bulk and at the solid sur face. Heat trans fer be tween the solid and the gas is ob vi ously sim i lar to mass trans port be tween the solid and the bulk gas. The chem i cal re ac tion oc cur ring at the sur face of the fuel de pends on the con cen tra tion and on the ad sorp tion of ox y gen. We as sume that the dis so ci a tion of the ox y gen mol e cule on the sur face de pends only on the ac ti va tion en ergy and the in ternal solid po ros ity. In eq. (3), we as sume that the gas ve loc ity at the sur face is equal to zero, con se quently the sec ond term of the first mem ber of this equa tion van ishes.
The ax ial pres sure gra di ent in the po rous me dia is cal cu lated by the Ergun's law [22] 
The ra dial pres sure gra di ent vari a tion is ne glected.
Transport coefficients and properties
The vol u met ric heat trans fer co ef fi cient be tween the gas and the solid is cal culated as a func tion of Reynolds and Prandtl num bers, based on a Nusselt num ber cor re lation from [23] : . Re Pr (16) where d p is the pore diameter, and l g eff is the gas thermal effective conductivity. The spe cific sur face of ex change be tween the solid and the gas is de fined as:
The vol u met ric mass trans fer co ef fi cient is, how ever, de ter mined by anal ogy to heat trans fer ac cord ing to Incropera and DeWitt [24] : (18) where Le (= a/D) is the Lewis number, and for most applications they signaled that is reasonable to use (n = 1/3).
The ef fec tive diffusivity co ef fi cients were cal cu lated by Ghabi et al. [11] approx i ma tions:
The mass frac tion of the solid and the vari a tion of its phys i cal prop er ties are calcu lated from the mass frac tion of char and ash. The char ox i da tion into ash takes place at a high tem per a ture that can ini ti ate flam ing of the ma te rial. When this hap pens, the settings of this smol der ing study are mod i fied. For sim plic ity, the phys i cal prop er ties of the char and the ash are as sumed as be ing iden ti cal. The ef fect of the ra di a tion heat trans fer is mod eled by the Rosseland ap prox i ma tion pre sented in [24] , by in tro duc ing a ra di a tion con duc tiv ity, such that the to tal ther mal con duc tiv ity of the solid is given by:
The used thermophysical and chem i cal pa ram e ters along with other in put param e ters of the sim u la tion are sum ma rized in tab. 1.
Initial and boundary conditions
Ini tially, the left face of the cy lin dri cal foam ma te rial, which is rep re sented on fig.  1 , is heated by an igniter. The tem per a ture of this face is in creased ex po nen tially from 300 to 680 K for 500 s. When the smol der wave is ini ti ated and the peak tem per a ture of the foam oc curs, and when the smol der wave moves away from the igniter for over 2-3 cm, the igniter is turned off and the smol der self prop a gates from the left to the right. 
For the tem per a ture the bound ary con di tions are de scribed by the sec ond type of con di tions: 
Af ter the igniter is shut down:
-At the right face -In this face, the es tab lished re gime is con sid ered: ¶ ¶ 
Numerical method
For the nu mer i cal sim u la tion, the fi nite vol ume method in cy lin dri cal co or dinates with an up wind scheme is used to discretize the gov ern ing equa tions. This method has been ex ten sively used in sev eral en gi neer ing ap pli ca tions. It is quite at trac tive when mod el ing prob lems for which the flux is of im por tance, such as in fluid me chan ics, or in heat and mass trans fer.
The nu mer i cal method ap plied to solve the model was the fi nite vol ume method ex clu sively de scribed by Patankar [26] . Af ter the in te gra tion, the discretized equa tions for each con trol vol ume were writ ten in a ma trix form ing a sys tem of al ge braic equa tions:
The ob tained sys tem of discretized equa tions is re solved by the method of Bi-CGStab pre con di tioned (left and right pre con di tion ing) as de scribed by Markovic [27] . In ad di tion to sta bil ity and com pu ta tion time, ac cu racy of the so lu tion also plays an im portant role in choos ing the right mesh size. We give par tic u lar at ten tion to ac cu racy anal y ses of the re sults. In this work we have used the grid (150 ´150). In or der to re duce the CPU time needed for the res o lu tion, a vari able time step is used as: Dt = 10 -2 s for t < 500 s, and Dt = 10 -4 s for all t > 500 s. As a re sult and when us ing a Pentium 4, with 512 MB of RAM and 64 MB of cash mem ory, the CPU time for our 2-D com pu ta tions was about 47 hours. How ever, Hanneke and Ellzey [28] for re solv ing the same sys tem of equa tions in their 1-D model with the DVODE in te gra tor pro posed by Leach et al. [21] , in di cated a CPU time on an IBM RS/6000 of 90 hours.
The BiCGStab method proved to be very ef fi cient with the sparse ma trix na ture of the ob tained equa tions. Sparse ma trix com pu ta tions need spe cial at ten tion. Such com -pu ta tions oc cur fre quently in sci en tific cal cu la tions. The typ i cal de vel op ment path for sparse ma trix ap pli ca tions in volves pick ing a needed al go rithm, se lect ing a sparse data struc ture, and then im ple ment ing the spe cific al go rithm us ing the se lected sparse data struc ture.
In or der to op ti mize the use of RAM, the Yale Sparse Ma trix Pack age "YSMP" tech nique was used for ma trix stor age. This tech nique is de scribed in [29, 30] .
Results and discussion
We re call that the main ob jec tive of this 2-D nu mer i cal sim u la tion study is to pre dict the two-di men sional na ture of the post-flight im ages of the foam sam ples from the forced for ward microgravity smol der ing tests re ported by Bar-Ilan et al. [12] , and which showed non-re acted foam near the side wall. The re sults are also com pared to Leach et al. [21] nu mer i cal re sults for ax ial evo lu tions and val i dated in [11] .
Temperature evolution in the medium
In this sec tion, the solid and gas tem per a ture dis tri bu tions in the me dium are ana lyzed. The heat co ef fi cient h w s = 0.07 W/m 2 K is sup posed. For the solid phase. The solid tem per a ture field is an a lyzed at dif fer ent steps of the smol der prop a ga tion, which are repre sented at the times: t = 1100, 1250, 1500 , and 1530 s. Fig ures 2a-d show the iso ther mal val ues of the solid phase tem per a ture at the four in stants, re spec tively. These fig ures show a cur va ture in the smol der zone near the side wall, and a hot zone near the axis which is larger than the one near the wall. This is due to the heat losses from the re ac tion zone to the wall. Con se quently a non re act ing zone is ob served near the wall, which is indi cated by a low tem per a ture re gion.
The heat re leased by the het er o ge neous ox i da tion (smol der) re ac tion is transferred ax i ally ahead and ra di ally of the re ac tion zone by con duc tion, con vec tion and ra dia tion, heat ing the unreacted foam fuel. The re sult ing in crease in the fresh fuel tem per ature leads suc ces sively to py rol y sis, solid fuel ox i da tion and then to the on set of the char ox i da tion, and con se quently gives way to the smol der wave prop a ga tion through the foam. Near the side wall, part of this heat is lost and the prop a gat ing re ac tion would leave be hind a char that con tains a sig nif i cant amount of unreacted fuel as will be shown later on the char mass frac tion field evo lu tions.
These last fig ures also show that as the smol der wave prop a gates, the peak temper a tures re main within ranges typ i cal of smol der ing, and the max i mum tem per a ture increases slowly in both the ax ial and ra dial di rec tions. This can cause flam ing com bus tion for a long bed, when the heat re lease from the exo ther mic ox i da tion is more than the heat con sumed by the en do ther mic py rol y sis. This is clear in fig. 2d when the tem per a ture rises to 750 K near the exit.
For fur ther ex pla na tion of this in crease of the max i mum tem per a ture, the ax ial solid tem per a ture evo lu tion at the cen ter line of the foam me dium is rep re sented for dif -fer ent in stants of time in fig. 3 . This fig ure shows clearly the prop a ga tion of the smol der wave and the in crease of the peak tem per a ture.
For the gas phase, the ax ial gas tem per a ture evo lu tion at the cen ter line of the foam me dium is re ported in fig. 4 for dif fer ent in stants. This fig ure shows that the gas tem per a ture is slightly smaller than the solid tem per a ture. For ex am ple the pre dicted solid-gas tem per a ture dif fer ence is of 25 K at 1100 s on the peak. A larger hot zone in the gas phase near the peak is ob served than the solid one. This is be cause the heat is gen erated in the solid phase as a re sult of chem i cal re ac tions and has to be trans ferred from the solid to the gas phase through the gas-solid in ter face. How ever, the gas tem per a ture shows sim i lar trend as the solid tem per a ture and, as ob served for the solid phase, sim i lar in crease in the peak tem per a ture for the gas is also ob served when the smol der wave prop a gates from the left to the right.
The sim u la tions re vealed that sev eral pa ram e ters can in flu ence the ig ni tion and prop a ga tion of the smol der wave, such as the fre quency fac tor in the ki net ics model, the igniter tem per a ture, the in let gas ve loc ity, the in stant of igniter ex tinc - tion, and the heat trans fer coef fi cient be tween the solid and the gas. All of these param e ters were op ti mized for smol der prop a ga tion with out tran si tion to flam ing or ex tinction be fore our para met ric study on heat losses to the wall was car ried. In par tic u lar, the ki netic pa ram e ters were chosen to in sure the sta ble and repeat able smol der wave prop aga tion for an in let air ve loc ity of (5.3 mm/s) with an ox y gen con cen tra tion of (Y O 2 023
= . ), to per mit the com par i son with the lit er a ture re sults. 
Char mass fractions
In this sec tion, the smol der ing phe nom e non is an a lyzed through the anal y sis of the re sult ing char, which is the prod uct leaved be hind af ter the prop a ga tion of the smolder wave front.
Two di men sional char mass frac tion dis tri bu tions are shown on figs. 4a-c where the char con ver sion con tours are pre sented for t = 1100, 1250, and 1500 s, re spec tively. [12] .
Fig ure 6 shows the ax ial char mass frac tion evo lu tion at the center line of the cy lin dri cal me dium. This evo lu tion is pre sented for selected time val ues. Ini tially, and be cause of the in com ing cold air, very small quan tity of char is formed (20% of the ini tial foam) near the ig ni tion end and a small non con verted foam zone ap pears near the air in let and es pe cially close to the side wall. Then, as the smol der wave prop a gates to ward the right end, more and more foam is con verted into char and the char mass frac tion reaches the unity value.
Effect of the heat transfer coefficient
The ef fect of the con vec tive heat trans fer co ef fi cient be tween the solid bed and the en vi ron ment at r = R is an a lyzed through four val ues of h ws (0.07, 0.09, 0.095, and 0.1 W/m 2 K), and we sup pose that h ws = h wg . For each of these val ues, the char mass frac tion evo lu tion ver sus time is pre sented at a spec i fied ax ial sec tion for two ra dial dis tances, namely at the cen ter line and at the side wall.
For z = 4 cm, fig. 7 shows that in the cen ter line, the evo lu tions of the char mass frac tions ver sus time for differ ent val ues of h ws are supposed, and then the heat trans fer co ef fi cient has n't any ef fect. How ever, at the side wall, the in crease of the heat trans fer co ef fi cient values de creases the con ver sion rate and then the char mass frac tion. We can also note that the in crease of h ws from 0.07 to 0.09 W/m 2 K, decreases the char mass fraction by about 75%, and that very small char quan tity is ob tained when in creas ing h ws to 0.1 W/m 2 K. Fur thermore, the char mass frac tion in crease more rap idly for the small val ues of h ws than for the greater ones. Phys i cally, this can be ex plained by the fact that when us ing greater val ues of h ws = 0.1, more heat is re leased to the en viron ment and then small quan tity of foam is converted into char.
For a sec tion to ward the exit, z = 13 cm, sim i lar results are re ported in fig. 8 . From this fig ure, the tem poral char mass frac tion evo lution, at the cen ter line, are again the same. At the side wall, the same ef fect of the heat trans fer co ef fi cient is noted. That is, de creas ing char mass frac tion oc curs when the heat trans fer co ef fi cient h ws in creases, but the dra matic de crease oc curs when h ws is in creased from 0.095 to 0.1 W/m 2 K. Again, the more rapid con ver sion of foam into char is noted for small val ues of h ws .
Smolder velocity
When the smol der wave be gins prop a gat ing, the smol der wave ve loc ity for the foam is com puted at the smol der front. This ve loc ity can be de duced from fig. 3 . In fact, hav ing the times when the peak tem per a tures oc cur, we can cal cu late the dis tance between these peaks, and thus the smol der ve loc ity can be com puted for a heat wall co ef ficient h ws = 0.07 W/m 2 K.
There fore, the smol der ve locity is ar bi trarily de fined as the axial trav el ing ve loc ity of the peak tem per a ture of the smol der ing zone and pre sented in fig. 9 . This fig ure shows that the smol der ing phe nom e non is ini tially ac cel erated, and the ve loc ity de creases slightly to ward the right end. The ob served av er age smol der ve locity is about 0.25 mm/s in very good agree ment with the 0.23 mm/s value ob served by Bar-Ilan et al. [12] . How ever, Leach et al. [21] for the 1-D sim u la tion and for the same gas ve loc ity re ported a smol der ve loc ity of 0.45 mm/s. This could be ex plained by the 2-D ef fect where a quan tity of the heat re lease is transferred ra di ally to the side wall.
Conclusions
A new method for nu mer i cal sim u la tion of two-di men sional smol der ing prop a ga tion in a po rous foam bed has been pro posed and in ves ti gated. This is based on the fi nite volume discretization and the bi-CGStab tech nique. The ob tained nu mer i cal re sults showed a clear agree ment with the ex per i men tal nu mer i cal re sults avail able in the lit er a ture. This work pro vides in for ma tion on the 2-D tem per a ture and char mass frac tion dis tri bu tions that pre vi ous smol der mod el ing works did not pre dict. The ther mal bound ary con di tions used in this anal y sis are more prac ti cal than any other smol der sim u la tion stud ies. The devel oped code is very ver sa tile and open to sim u late any smol der ing and/or re act ing front prop a ga tion through a fixed bed, and es pe cially as re lated to fire ini ti a tion pre dic tion in elec tri cal and/or ther mal iso la tion sys tems.
